Abstract. Given a discrete group G, for any integer r 0 we consider the family of all virtually abelian subgroups of G of rank at most r. We give an upper bound for the Bredon cohomological dimension of G for this family for a certain class of groups acting on CAT(0) spaces. This covers the case of Coxeter groups, Right-angled Artin groups, fundamental groups of special cube complexes and graph products of finite groups. Our construction partially answers a question of J.-F. Lafont.
Introduction
Given a group G and a family of its subgroups F , a classifying space E F G is a terminal object in the homotopy category of G-CW-complexes with stabilisers in F . Such a classifying space always exists and any two models for E F G are Ghomotopy equivalent. The two most prominent families are that of all finite and of all virtually cyclic subgroups of G, where the corresponding classifying spaces are commonly denoted by EG and EG respectively. These spaces appear in the formulation of Baum-Connes and Farrell-Jones conjecture respectively, and they have been intensively studied over the last decade [Lüc05] . A particular emphasis has been put on constructing simple models for E F G, meaning of the possibly small dimension and cell structure. The minimal dimension of a model for E F G is called the geometric dimension of G for the family F and is denoted by gd F G. There is an algebraic counterpart of geometric dimension, which is called the Bredon cohomological dimension and is denoted by cd F G. These dimensions satisfy the following inequality cd F G gd F G max{3, cd F G}. Therefore to show the existence of a model for E F G of a given dimension, it is enough to bound the Bredon cohomological dimension, which sometimes turns out to be an easier task. Finite-dimensional models for the families of finite and virtually cyclic groups have been constructed for many classes of groups, particularly for numerous non-positively curved groups [DP15, Lüc05, Lüc09, OP18] .
More recently, as a natural generalisation of families of finite and of virtually cyclic subgroups, the family of virtually abelian subgroups has been considered. For any r > 0 let F r denote the family of all subgroups of G that are finitely generated virtually abelian of rank at most r. Constructing finite-dimensional models for E Fr G for r > 1 is substantially harder. To date, very few constructions have been performed, and all of them use a very simple structure of this family. In [OP16] together with D. Osajda we have constructed finite-dimensional models for E F2 G where G is a group acting properly on either a systolic complex or a CAT(0) space with no flats of dimension higher than 2. In [CCMNP17] there is a construction of a finite-dimensional model for E Fr G where G is finitely generated abelian group.
In the current paper, building on the above constructions and the results of Degrijse-Petrosyan [DP15] , we give an upper bound for the dimension cd Fr G for a certain class of groups acting on CAT(0) spaces. Recall that a CAT(0) space is a simply connected geodesic metric space of non-positive metric curvature (see [BH99] for a detailed treatment). Theorem 1.1. Let G be a group acting properly by semi-simple isometries on a complete proper CAT(0) space of topological dimension n. Suppose additionally that G satisfies condition (C). Then for any 0 r n we have
The condition (C) is a higher-rank analogue of Lück's condition (C) for cyclic groups. Roughly speaking, it says that commensurators of elements of F r can be approximated by their normalisers. This condition is satisfied for example by linear groups. The following is our main application of Theorem 1.1. Corollary 1.2. Let G be as in Theorem 1.1 and suppose it is linear over Z. Then for any 0 r n we have cd Fr G n + r + 1.
Among groups satisfying the above assumptions are Coxeter groups, Rightangled Artin groups, the so-called special groups (fundamental groups of special cube complexes) and graph products of finite groups. Unlike Lück's condition, our condition (C) is not satisfied by all CAT(0) groups [LM] . In the forthcoming paper with J. Huang [HP] , we show condition (C) for several classes of CAT(0) groups, including CAT(0) cubical groups. It is conceivable that it holds for more general classes of CAT(0) groups, such as biautomatic CAT(0) groups.
We remark that Theorem 1.1 partially answers a question of J.-F. Lafont [Cha08, Problem 46.7] . Namely, Lafont inquired whether a 'good structure' of (virtually) abelian subgroups of a given group G enables one to construct models for E Fr G more easily than models for E F1 G = EG. While we use the specific structure of abelian subgroups to bound cd Fr G (and thus we obtain a model for E Fr G), our construction is an inductive procedure that takes into account abelian subgroups of all ranks lower than r, and therefore is by no means easier. Our main tool that is used to study virtually abelian groups of G is the so-called Flat Torus Theorem, which is one of the fundamental theorems in the theory of CAT(0) groups.
As a step in our construction we first prove Theorem 1.1 in a very special case where G is virtually abelian, thus generalising the main result of [CCMNP17] . Proposition 1.3. Let G be a finitely generated virtually abelian group of rank n ≥ 0. Then for any 0 r n − 1 we have
Note that in this case we obtain a slightly better dimension bound, and also our construction here is purely topological (i.e., we give a concrete construction of a model for E Fr G).
We would like to point out that an even more general family of polycyclic stabilisers is considered in [Mor18] . In this case the rank is replaced by the Hirsch length, and the inductive approach is similar to ours and the one in [CCMNP17] . Since a CAT(0) group is polycyclic if and only if it is virtually abelian [BH99, Theorem II.7.16], our construction overlaps with [Mor18] only in Proposition 1.3.
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Preliminaries
In this section we recall some basic notions and we present an inductive procedure of constructing the classifying space E Fr G. We also briefly discuss the Bredon cohomological counterpart of that procedure, which we use in Section 3 to prove Theorem 3.1. Our exposition focuses on the topological construction, since we believe that it gives the reader more insight and is somewhat easier to picture.
2.1. Classifying spaces for families of subgroups. Let G be a discrete group. A family of subgroups F of G is a collection of subgroups that is closed under taking subgroups and under conjugation by elements of G.
Definition 2.1. A G-CW-complex X is a model for the classifying space E F G if for any subgroup H ⊂ G the fixed point set X H is contractible if H ∈ F and empty otherwise.
The geometric dimension for the family F denoted by gd F G is the minimal dimension of a model for the classifying space E F G.
The classifying space always exists and has the following universal property. Let Y be any G-space with stabilisers in F . Then there exists a G-map Y → E F G which is unique up to G-homotopy. In particular, any two models for E F G are G-homotopy equivalent (see [Lüc05] ). However, general constructions always yield infinite dimensional CW-complexes. The standard (by now) method to construct finite-dimensional models for E F G is the construction of Lück and Weiermann [LW12] , which we will now briefly recall.
We need a piece of notation. Given a group G, a family of its subgroups F and a subgroup K ⊂ G, let F ∩ K denote the collection of subgroups of F that belong to K. One easily verifies that F ∩ K is a family of subgroups of K.
Now let F and G be two families of subgroups of G such that F ⊂ G. Suppose that we have an equivalence relation ∼ on the set of subgroups G \ F which satisfies the following two conditions: 
be a subgroup of G defined as follows
Define the family of subgroups
The following is one of the main theorems of [LW12] . 
where i is a G-CW-inclusion and every
The existence of maps i and f [H] follows from the universal properties of appropriate classifying spaces. Moreover, if the map i fails to be injective, we can replace it with the inclusion into the mapping cylinder. Note that for a map f : Y → Z the dimension of the mapping cylinder is equal to max{dimY + 1, dimZ}. Also note that by restricting the G-action to
. These considerations lead to the following corollary which gives us control on the dimension of the obtained model. 
We finish this section with a lemma that relates geometric dimension of a group to geometric dimension of its finitely generated subgroups.
Lemma 2.4. [LW12, Theorem 4.3] Let G be a group and F a family of subgroups of G such that any F ∈ F is contained in some finitely generated subgroup of G. Suppose that there exists an integer d > 0 such that for every finitely generated subgroup K of G we have gd
2.2. Virtually abelian stabilisers. For an integer r > 0 let F r denote the family of all subgroups of G that are finitely generated virtually abelian of rank at most r, i.e., we have H ∈ F r if and only if H contains a finite-index subgroup isomorphic to Z n with n r. Notice that we have the following chain of inclusions
Also note that F 0 is the family of all finite subgroups, and F 1 is the family of all virtually cyclic subgroups. We will now describe the construction outlined in the previous section, applied to the inclusion of families F r−1 ⊂ F r . Define an equivalence relation on F r \ F r−1 by H ∼ H ′ if and only if rk(H ∩ H ′ ) = r.
One easily verifies that it is a strong equivalence relation.
and it is called the commensurator of H in G. The family F r [H] is given by
The most difficult part is to construct models for
For this, first observe that the family F r [H] can be written as the union
Lemma 2.6. [LW12, Proposition 5.1(i)] Let G be a group and let F and G be two families of subgroups such that F ⊂ G. Suppose for every H ∈ G we have
We are ready now to prove the special case of the main theorem. The proof of the main theorem will follow the same lines, using this special case as one of the steps.
Proposition 2.7. Let G be virtually Z n for some n 0. Then for any 0 r < n we have gd Fr G n + r.
Proof.
We proceed by induction on r. Definition 2.8 (Condition (C)). We say that a group G satisfies condition (C) if for every H ∈ F r and for every finitely generated subgroup
Notice that the Claim in the proof of Proposition 2.7 states that a virtually abelian groups satisfy (a strong form of) condition (C).
2.3. Bredon cohomological dimension cd F G. Bredon cohomology is an equivariant cohomology theory that is well suited for studying classifying spaces for families of subgroups. We will not recall general theory and refer the reader to [Lüc89] . Roughly, in comparison with usual group cohomology where one considers G-modules, in Bredon cohomology one considers O F G-modules, where O F G is the orbit category of G with respect to the family F . The category of O F G-modules is an abelian category with enough projectives, and thus one can 'do' the homological algebra there. Consequently, there is a notion of Bredon cohomological dimension for the family F which is defined to be 
The method of constructing classifying spaces presented in Subsections 2.1 and 2.2 has its cohomological counterpart, which, rather than a model for E F G, produces a resolution of the trivial O F G-module Z by projective O F G-modules. In particular, it can be used to obtain an upper bound for cd F G. When we refer to a 'cohomological dimension version' of one of the above, we will add a suffix (cd) to the respective reference. For example, if we want to refer to Lemma 2.4 applied to Bredon cohomological dimension we will write Lemma 2.4.(cd).
Bredon cohomological dimension for CAT(0) groups
A CAT(0) space is a geodesic metric space satisfying the so-called CAT(0) inequality [BH99, Definition II.1.1]. We make no use of the definition and only use properties of CAT(0) spaces and their isometries. We refer the reader to [BH99] for a detailed treatment of CAT(0) geometry and for definitions of various notions presented below. For a definition and some properties of topological dimension we refer the reader to [DP15] or [Lüc09] .
In this section we prove the main theorem of this paper.
Theorem 3.1. Let G be a group acting properly by semi-simple isometries on a complete proper CAT(0) space of topological dimension n. Suppose additionally that G satisfies condition (C). Then for any 0 r n we have cd Fr G n + r + 1.
Note that if G acts cocompactly then it automatically acts by semi-simple isometries. The following is the key result needed in our approach.
Lemma 3.2. [DP15, Corollary 1] Suppose G acts properly by semi-simple isometries on a complete proper CAT(0) space X of topological dimension n. Then we have cdG = cd F0 G n.
Observe that by the Fixed Point Theorem for CAT(0) spaces [BH99, Corollary II.2.8], in the above situation, every finite subgroup of G has a fixed point in X and every fixed point set is contractible. However, the space X is not a model for EG = E F0 G since in general it is not a G-CW-complex. By taking the nerve of an appropriate open cover of X one obtains a G-CW-complex Y homotopy equivalent to X, however, in case dim(X) = 2 it could happen that dim(Y ) = 3 (see [DP15, Lüc09] ). Because of this, in our construction we use Bredon cohomological dimension, rather than the geometric dimension (see Remark 2.9). We remark that our construction is geometric in spirit, and its key point is the use of the Flat Torus Theorem.
From now on let G be as in Theorem 3.1, and let X denote the n-dimensional CAT(0) space acted upon by G. The following lemma is the crucial geometric ingredient in the proof of the main theorem.
Lemma 3.3. Suppose that 0 < r n and consider a subgroup H ∼ = Z r ⊂ G. Then the quotient N G (H)/H acts properly by semi-simple isometries on a complete proper CAT(0) space of dimension at most n − r. 
, it is enough to show that
For this, we will use the fact that
, which is the cohomological analogue of the fact that any model for
′ acts properly by semi-simple isometries on a complete proper CAT(0) space of dimension at most n − r. Thus applying Lemma 3.2 we get that cd
This finishes the proof of the first inequality.
For the second inequality we would like to use Lemma 2.6.(cd) applied to the inclusion of families ALL[H]∩F r−1 ⊂ ALL [H] . For this we need to bound cd Fr−1 F for every F ∈ ALL [H] . If F has rank at most r − 1 then cd Fr−1 F = 0. If F has rank r then by Proposition 2.7 we have gd Fr−1 F r + r − 1 and thus also cd Fr−1 F r + r − 1. By the first inequality and Lemma 2.6.(cd) we get that
Proof of Theorem 3.1. We proceed by induction on r. For r = 0 by Lemma 3.2 we have cd F0 G n n + 1. Now assume inductively that we have cd Fr−1 G n + r, and consider the inclusion of families F r−1 ⊂ F r . We will show that cd Fr G n + r + 1. By Corollary 2.3.(cd) it is enough to show that for any [ Remark 3.5. In certain cases the dimension bounds in Theorem 3.1 can be improved. Namely, as stated in Lemma 3.2, if r = 0 then cd F0 G n. Also, if r = 1 then by [DP15, Corollary 3(i)] we have cd F0 G n + 1.
Applications
In this section we discuss applications of Theorem 3.1. In particular, we derive Corollary 1.2.
Lemma 4.1. Let G be a group which is linear over Z. Then G satisfies Condition (C).
Proof. Take an arbitrary subgroup H ∈ F r . By replacing H with its finite-index abelian subgroup if necessary, we can assume that H is abelian. Consider a finitely generated subgroup K ⊂ N G [H] . Now since G is linear, so is the subgroup K, H . Below we present a list of groups to which Corollary 1.2 applies.
(1) Let (W, S) be a Coxeter group generated by a finite set S. Then W acts properly cocompactly by isometries on Davis complex Σ W , which is a complete proper CAT(0) space [Dav08] . It is well known that Coxeter groups are linear (see [Dav08] ). (4) Let X be a compact special cube complex (see [HW08] ). Then π 1 (X) acts freely and properly cocompactly by isometries on the universal cover X, which is a complete proper CAT(0) cube complex. By [HW08, Theorem 1.1] the group π 1 (X) is linear.
We remark that linearity of groups in (2) and (3) is proven by embedding these groups into Coxeter groups. There are many more groups which embed into Coxeter groups. Since all the assumptions of Theorem 3.1 pass to subgroups, the Theorem holds for these groups as well. The advantage of classes A L and G L above is that, in both cases, one has a naturally assigned CAT(0) space whose dimension depends only on L.
On the other hand, there are CAT(0) groups which do not satisfy condition (C) [LM] . In a joint work with J. Huang [HP] , we show that condition (C) is satisfied by several classes of CAT(0) groups, including CAT(0) cubical groups and fundamental groups of non-positively curved Riemannian manifolds. We conclude with the following question. 
